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Abstract
Let Gσ = (G, σ) be a signed graph and A(G, σ) be its adjacency matrix. Denote
by m(G) the matching number of G. Let η(G, σ) be the nullity of (G, σ). He
et al. [Bounds for the matching number and cyclomatic number of a signed
graph in terms of rank, Linear Algebra Appl. 572 (2019), 273–291] proved that
|V (G)| − 2m(G)− c(G) ≤ η(G, σ) ≤ |V (G)| − 2m(G) + 2c(G),
where c(G) is the dimension of cycle space of G. Signed graphs reaching the
lower bound or the upper bound are respectively characterized by the same
paper. In this paper, we will prove that no signed graphs with nullity |V (G)|−
2m(G) + 2c(G) − 1. We also prove that there are infinite signed graphs with
nullity |V (G)| − 2m(G) + 2c(G)− s, (0 ≤ s ≤ 3c(G), s 6= 1) for a given c(G).
Key Words: Signed graph, nullity, matching number, the dimension of cycle
space.
AMS Subject Classification (2010): 05C35; 05C50.
1 Introduction
Let G = (V (G), E(G)) be a simple graph, where V (G) is the vertex set of G and E(G) is
the edge set of G. Let V (G) = {v1, v2, . . . , vn}. Then the adjacency matrix A(G) of G is
the symmetric n × n matrix with entries A(i, j) = 1 (or written as aij = 1) if and only if
vivj ∈ E(G) and zeros elsewhere. The nullity(resp. rank) of G, denoted by η(G)(resp. r(G)),
is the multiplicity of 0 (resp. non-zero) eigenvalue of A(G). A pendant vertex is defined as a
vertex with degree one. The unique neighbour of the pendant vertex is called quasi-pendant
vertex. If a cycle of G contains only a vertex of degree three, and the remaining vertices are
of degree two, then the cycle is called a pendant cycle.
∗This work is supported by the National Natural Science Foundations of China (No. 11901253), the Natural
Science Foundation for Colleges and Universities in Jiangsu Province of China (No. 19KJB110009), and the
Science Foundation of Jiangsu Normal University ( No. 18XLRX021).
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1
Assume that V1 ⊆ V (G) and V1 6= φ, Let G[V1] be the induced subgraph of G, whose vertex
set is V1 and edge set is the set of those edges of G that have both ends in V1. Denoted by
G− V1 the induced subgraph obtained from G by deleting each vertex in V1 and its incident
edges. For convenience, if V1 = {x}, we write G − x for G− {x}. For the induced subgraph
H1 of G, H1 + x is defined as the subgraph of G induced by the vertex set V (H1) ∪ {x}.
The matching number of G, denoted by m(G), is the size of a maximum matching of
G. Let M be a maximum matching of G, if there exists the edge e ∈ M such that the
vertex v ∈ e, v is called M -saturated, otherwise, v is called M -unsaturated. An M -alternating
path of G is defined as a path whose edges are alternately in the edge sets E\M and M .
An M -augmenting path is defined as a path whose starting vertex and ending vertex are
M -unsaturated.
The distance between u and v, denote by d(u, v), is the length of the shortest path from
the vertex u to v. The length of the shortest cycle of G is called the girth of G, denote
by g(G). Let c(G) be the dimension of cycle space of G, c(G) = |E(G)| − |V (G)| + θ(G),
where θ(G) is the number of connected components of G. If the cycles (if any) of G are
pairwise vertex-disjoint, the acyclic graph TG is obtained from contracting each cycle of G
into a vertex, which is called cyclic vertex. Let WG (resp. U) be the vertex set consisting of
all cyclic vertices (resp. all non-cyclic vertices) in TG, V (TG) = WG ∪ U . Furthermore, the
graph is obtained from TG by deleting all cyclic vertices, denoted by [TG].
A signed graph Gσ = (G,σ) consists of a simple graph G with edge set E and a mapping
σ : E → {+,−}. G is called the underlying graph of (G,σ). The adjacency matrix of (G,σ),
denoted by A(G,σ) = aσij = σ(vivj)aij , where aij ∈ A(G). We use r(G,σ) to denote the rank
of a signed graph (G,σ).
Denote by Cσn a signed cycle of order n. The sign sgn(C
σ
n ) of C
σ
n is defined as
∏
e∈E(Cσ
n
) σ(e).
If sgn(Cσn ) = + (or sgn(C
σ
n ) = −), then C
σ
n is said to be positive (or negative). If all the
cycles of (G,σ) are positive, then (G,σ) is balanced, and unbalanced otherwise.
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Figure 1: ∞(p, 1, q), ∞(p, l, q) and θ(p, l, q).
A connected graph G is called bicyclic if |E(G)| = |V (G)| + 1. The base of a bicyclic
graph G is the unique connected bicyclic subgraph of G containing no pendant vertices.
Let ∞(p, l, q) (see Figure 1) be the graph obtained from Cp, Cq and Pl by identifying v
with v1 and u with vl, respectively. A bicyclic graph G is called an ∞-graph, if G contains
∞(p, l, q) as its base. Let Pp+2, Pq+2, Pl+2 be three paths, where min{p, l, q} ≥ 0 and at
most one of p, l, q is 0. Let θ(p, l, q) (see Figure 1) be the graph obtained from Pp+2, Pl+2
and Pq+2 by identifying the three initial vertices and terminal vertices. The bicyclic graph
containing θ(p, l, q) as its base is called a θ-graph.
A connected graph G is called tricyclic if |E(G)| = |V (G)| + 2. As shown in Figure 2,
there are eight types of bases of tricyclic graph, denoted by Ti, i = 1, . . . , 8. The tricyclic
graph G can be obtained from Ti by attaching trees to its vertices.
Collatz et al. [4] had wanted to obtain all graphs of order n with η(G) > 0. Until
today, this problem is also unsolved. In recent years, the investigation on the nullity (or
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Figure 2: T1–T8
rank) of simple graphs is an significant topic in the theory of graph spectra. In 2014, Wang
and Wong [15] investigated the relationship between the nullity of the simple graph and the
matching number, and proved that |V (G)| − 2m(G) − c(G) ≤ η(G) ≤ |V (G)| − 2m(G) +
2c(G). In 2015, Song, Song and Tam [13] characterized the graphs with the nullity η(G) =
|V (G)| − 2m(G) + 2c(G). In 2016, Wang [14] characterized the graphs with nullity η(G) =
|V (G)| − 2m(G) − c(G). In 2019, Li and Guo [8] proved that there is no graph with nullity
η(G) = |V (G)| − 2m(G) + 2c(G) − 1, and for fixed c(G), infinitely many connected graphs
with nullity η(G) = |V (G)| − 2m(G) + 2c(G) − s, where 0 ≤ s ≤ 3c(G) and s 6= 1, are also
constructed.
In 2018, Lu, Wang and Zhou [10] proved that η(G) − 2c(G) ≤ η(G,σ) ≤ η(G) + 2c(G)
for an unbalanced signed graph with c(G) ≥ 1, and all corresponding extremal graphs are
characterized. In 2019, He, Hao and Lai [6] proved that for every signed graph, |V (G)| −
2m(G) − c(G) ≤ η(G,σ) ≤ |V (G)| − 2m(G) + 2c(G). Moreover, signed graphs reaching the
lower bound or the upper bound are respectively characterized in [6]. In this paper, we prove
that no signed graph with nullity η(G,σ) = |V (G)| − 2m(G) + 2c(G)− 1, and for fixed c(G),
infinitely many connected signed graphs with nullity η(G,σ) = |V (G)| − 2m(G) + 2c(G)− s,
where 0 ≤ s ≤ 3c(G) and s 6= 1, are also constructed.
Our main results are the following three theorems.
Theorem 1.1. Suppose (G,σ) is an unbalanced signed unicyclic graph with an unique cylce
Cσq , then
(1) η(G,σ) = |V (G)| − 2m(G)− 1, if q ≡ 1(mod 2), m([TG]) = m(TG) (Lemma 4.3 [6]);
(2) η(G,σ) = |V (G)| − 2m(G) + 2, if q ≡ 2(mod 4), m([TG]) = m(TG) (Lemma 5.3 [6]);
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(3) η(G,σ) = |V (G)| − 2m(G), otherwise.
Theorem 1.2. For any unbalanced signed graph (G,σ),
η(G,σ) 6= |V (G)| − 2m(G) + 2c(G) − 1.
Theorem 1.3. Let (G,σ) be an unbalanced signed graph. If c(G) is fixed, then there exists
infinitely connected unbalanced signed graphs, such that η(G,σ) = |V (G)|−2m(G)+2c(G)−s,
where 0 ≤ s ≤ 3c(G), s 6= 1.
2 Preliminaries
Lemma 2.1. [2] A matching M of G is a maximum matching if and only if G contains no
M-augmenting path.
Lemma 2.2. [11] Let G be a graph with a pendant u, and v is the unique quasi-pendant
vertex of u. Then m(G) = 1 +m(G− v) = 1 +m(G− u− v).
Lemma 2.3. [3] Let G be a simple graph. Then m(G) − 1 ≤ m(G − v) ≤ m(G), for any
vertex v ∈ V (G).
Lemma 2.4. [11] Let G be a graph obtained by joining a vertex of an even cycle C by an
edge to a vertex y of a connected graph H. Then m(G) = m(C) +m(H).
Lemma 2.5. [16] Let G be a graph with x ∈ V (G),
(1) c(G − x) = c(G) if x lies outside any cycle of G;
(2) c(G − x) ≤ c(G) − 1 if x lies on a cycle of G;
(3) c(G − x) ≤ c(G) − 2 if x is a common vertex of distinct cycles of G;
(4) if the cycles of G are pairwise vertex-disjoint, then c(G) precisely equals the number of
cycles in G.
Lemma 2.6. [1] Let x be a vertex of (G,σ). Then η(G,σ) − 1 ≤ η(G − x, σ) ≤ η(G,σ) + 1.
Lemma 2.7. [5] Let (G,σ) be a signed graph containing a pendant vertex u, uv ∈ E(G) and
(H,σ) = (G,σ) − u− v. Then η(G,σ) = η(H,σ).
Lemma 2.8. [6] Let (G,σ) be a connected signed graph. Then |V (G)| − 2m(G) − c(G) ≤
η(G,σ) ≤ |V (G)| − 2m(G) + 2c(G).
Lemma 2.9. [5] Let P σn be a signed path. Then,
η(P σn ) =


0, if n ≡ 0(mod 2);
1, if n ≡ 1(mod 2).
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Lemma 2.10. [5] Let Cσp be a signed cycle. Then,
η(Cσp ) =


0, if p ≡ 1(mod 2);
0, if p ≡ 0(mod 4) and σ(Cp) = −;
0, if p ≡ 2(mod 4) and σ(Cp) = +;
2, if p ≡ 0(mod 4) and σ(Cp) = +;
2, if p ≡ 2(mod 4) and σ(Cp) = −.
Lemma 2.11. [7] Let (G,σ) be a signed graph. Then (G,σ) is balanced if and only if (G,σ) ∼
(G,+).
Lemma 2.12. [10] Let (G,σ) be a signed graph, if (G1, σ),(G2, σ),· · · ,(Gt, σ) are all the
connected components of (G,σ). Then η(G,σ) =
∑t
i=1 η(Gi, σ).
Lemma 2.13. [6] Let (G,σ) be a connnected signed graph. Then η(G,σ) = |V (G)|−2m(G)+
2c(G) if and only if all the following conditions hold for (G,σ):
(1) the cycles (if any) of (G,σ) are pairwise vertex-disjoint.
(2) for each cycle (if any) Cσq of (G,σ), either q ≡ 0(mod 4) and σ(Cq) = + or q ≡ 2(mod 4)
and σ(Cq) = −.
(3) m(TG) = m([TG]).
3 Proof of Theorem 1.1
In this section, we will proved that there is no unbalanced signed unicyclic graph with the
nullity η(G,σ) = |V (G)| − 2m(G) + 2c(G) − 1. In order to proof Theorem 1.1, we need to
introduce some definitions and lemmas.
In simple graph, we introduced the concept of elementary graph, either the complete graph
with order two K2 or the cycle Cq, q ≥ 3. If the graph whose each component is elementary
graph, the graph is called the basic graph. The set of signed graphs, denoted by Ui, is the
set of all basic graphs with i vertices in (G,σ). For any basic graph (u, σ) ∈ Ui, p(u), c(u)
and s(u) are defined as the number of components, the number cycles and the number of the
negative edges in the cycle of (u, σ), respectively.
Definition 3.1. Let G be an unicyclic graph with an unique cycle Cq. Then,
(1) E1: The edge set of G between Cq and [TG].
(2) F1: The matching set of G with m(G) edges.
(3) F2: The matching set of [TG] with m([TG]) edges.
(4) F
′
1: The matching set of G with m(G) edges, each of which has at least one edge in E1.
(5) F
′′
1 : The matching set of G with m(G) edges, and M ∩E1 = φ for all M ∈ F1.
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By Definition 3.1, we have F1 = F
′
1 ∪ F
′′
1 . We can obtain the following corollary:
Corollary 3.2. Let Cq be an even cycle. Then,
(1) If F
′
1 = φ, the maximum matching of G is the union of a maximum matching of Cq and
a maximum matching of G− Cq. Then |F1| = |F
′′
1 | = 2|F2|.
(2) If F
′
1 6= φ, then |F1| = |F
′
1|+ |F
′′
1 | > 2|F2|.
Lemma 3.3. [9] Let (G,σ) be a signed graph on n vertices and P(G,σ)(λ) = Σ
n
i=0ai ·λ
n−i be a
characteristic polynomial of A(G,σ). Then ai =
∑
(u,σ)∈Ui
(−1)p(u)+s(u) · 2c(u), i ∈ 1, 2, . . . , n.
Lemma 3.4. [6] Let (G,σ) be a connected unbalanced signed unicyclic graph whose unique
cycle is Cσq . Then η(G,σ) = |V (G)| − 2m(G) + 2 if and only if q ≡ 2(mod 4) and m(TG) =
m([TG]).
Lemma 3.5. [6] Let (G,σ) be an unicyclic signed graph which contains the unique signed
cycle Cσq . Then η(G,σ) = |V (G)| − 2m(G)− 1 if and only if q is odd and m(TG) = m([TG]).
Lemma 3.6. [12] Let G be a graph with at least one cycle. Suppose that all cycles of G
are pairwise vertex-disjoint and each cycle is odd, then m(TG) = m([TG]) if and only if
m(G) =
∑
C∈L(G)m(C) +m([TG]), where L(G) denotes the set of all cycles in G.
By Lemma 3.6, we can obtain the following corollary.
Corollary 3.7. Let G be an unicyclic graph with the unique cycle Cq, q is odd. Then m(TG) =
m([TG]) if and only if m(G) = m([TG]) +m(Cq).
Next, for the unicyclic graph with an even cycle, similar to Lemma 3.6, we give the
following lemma.
Lemma 3.8. Let G be an unicyclic graph with a cycle Cq, q is even. Then m(TG) = m([TG])
if and only if m(G) = m(Cq) +m([TG]) and M ∩ E1 = φ for all M ∈ F1.
Proof. Suppose that G− Cq has p connected components, says S1, S2, . . . , Sp. Since [TG] =
G−Cq, then S1, S2, . . . , Sp are also all connected components of [TG]. Assume that the vertex
vc of TG is correspond to the cycle Cq of G, which implies that WG = {vc} in TG.
In TG, let S˜k (k = 1, . . . , p) be the subgraph induced by V (Sk) and all vertices adjacent
to it. Similarly, in G, let Ŝk be the subgraph induced by V (Sk) and all vertices adjacent to it.
Since G is an unicyclic graph, then there exists at most an edge between V (Sk) and V (Cq),
thus for all k = 1, . . . , p, the subgraph S˜k and Ŝk are isomorphic.
Necessity: Note that m(TG) = m([TG]), and m([TG]) =
∑p
k=1m(Sk). Then each max-
imum matching of [TG] is the maximum matching of TG, denoted by MT the maximum
matching of [TG], thus |MT | =
∑p
k=1m(Sk). We can prove m(Sk) = m(S˜k) for k = 1, . . . , p.
Otherwise, there exists m(Sk0) < m(S˜k0), where k0 ∈ {1, . . . , p}. For MT , replace the max-
imum matching of Sk0 to the maximum matching of S˜k0 , we obtained a matching of TG,
denoted by M
′
T . Then |M
′
T | = m(S˜k0) +
∑
k 6=k0
m(S˜k) > m(Sk0) +
∑
k 6=k0
m(Sk) = |MT |.
This contradicts |MT | ≥ |M
′
T |. Hence m(Sk) = m(S˜k), for all k = 1, . . . , p. Since the
subgraph S˜k and Ŝk are isomorphic, then m(Ŝk) = m(Sk) = m(S˜k), for all k = 1, . . . , p.
Let M1 be a maximum matching of G. Then m(G) = |M1| = |M1 ∩ E(Cq)| +
∑p
k=1 |M1 ∩
6
E(Ŝk)| ≤ m(Cq) +
∑p
k=1m(Ŝk) = m(Cq) +
∑p
k=1m(Sk). By m(TG) = m([TG]), we have
m(G) ≥ m(Cq) +
∑p
k=1m(Sk).
Thus
m(G) = m(Cq) +
p∑
k=1
m(Sk),
that is,
m(G) = m(Cq) +m([TG]).
Next, we need to prove M ∩ E1 = φ for any maximum matching M of G, M ∈ F1. Suppose
on the contrary, there exists M2 ∈ F1 such that M2 ∩ E1 6= φ. Let uv ∈ E1 ∩M2, where
v ∈ V (Cq), u ∈ V (Sk1), and k1 ∈ {1, . . . , p}. Since Cq has a perfect matching, which shows
that m(Cq − v) = m(Cq) − 1 < m(Cq). In Ŝk1 , u is a quasi-pendant vertex, by Lemma 2.2,
m(Sk1 − u) = m(Ŝk1 − u) = m(Ŝk1) − 1 = m(Sk) − 1. Then, |M2| = m(Cq − v) + (1 +
m(Ŝk1 − u)) +
∑
k 6=k1
|M2 ∩ Ŝk| < m(Cq) +
∑p
k=1m(Ŝk) = m(Cq) +
∑p
k=1m(Sk) = m(G).
This contradicts m(G) = |M2|, thus M ∩ E1 = φ for all M ∈ F1.
Sufficiency: Note thatm(G) = m(Cq)+
∑p
k=1m(Sk). We assume thatm(TG) 6= m([TG]),
that is, m(TG) = m([TG]) + 1 (G is an unicyclic graph). Which implies that each maximum
matching of TG must cover the vertex vc of WG. There exists a maximum matching M
′′
T of
TG such that the edge wvc ∈ M
′′
T , and the vertex w is adjacent to v0 the vertex of C
σ
q in G.
Since q is even, then m(Cq − v0) = m(Cq)− 1. Assume that M3 is a matching of G, which is
the union of M
′′
T and a maximum matching of Cq − v0. Then |M3| = m(TG) +m(Cq − v0) =
m([TG]) + 1 +m(Cq) − 1 = m(G), which implies that M3 is a maximum matching of G and
M3 ∩ E1 6= φ, a contradiction. Thus m(TG) = m([TG]). 
Next, we give Lemmas 3.9 and 3.10 by applying the characteristic polynomial of the signed
graph.
Lemma 3.9. Let (G,σ) be an unbalanced signed unicyclic graph, which contains the unique
cycle Cσq . If q is odd and m(TG) 6= m([TG]), then η(G,σ) = |V (G)| − 2m(G).
Proof. Let |V (G)| = n, m(G) = m and m(G − Cq) = l. By Lemma 3.3, we have the
characteristic polynomial of (G,σ), P(G,σ)(λ) =
∑n
i=0 ai · λ
n−i, ai =
∑
(u,σ)∈Ui
(−1)p(u)+s(u) ·
2c(u), for any i ∈ {1, 2, . . . , n}. Note that m(TG) 6= m([TG]), that is, m(TG) = m([TG]) + 1 >
m([TG]). Since q is odd, m(Cq) =
q−1
2 , and C
σ
q has not a perfect matching. By Corollary 3.7,
we have m(G) > m(TG)+
q−1
2 = l+
q−1
2 , m > l+
q−1
2 , that is, 2m+1 > q+2l. If i > 2m, then
(G,σ) contains no basic subgraphs with i vertices and ai = 0. Thus P(G,σ)(λ) = λ
n+a1λ
n−1+
· · ·+ a2mλ
n−2m = λn−2m(λ2m + a1λ
2m−1 + · · ·+ a2m). Therefore η(G,σ) ≥ |V (G)| − 2m(G).
Next, we need to prove a2m 6= 0. Note that a2m =
∑
(u,σ)∈U2m
(−1)p(u)+s(u) · 2c(u), since
Cσq is an odd cycle, the basic subgraphs of (G,σ) with 2m vertices contain no cycle. Then
s(u) = c(u) = 0, p(u) = m, so a2m =
∑
(u,σ)∈U2m
(−1)m 6= 0. Thus η(G,σ) = |V (G)|−2m(G).

Lemma 3.10. Let (G,σ) be an unbalanced signed unicyclic graph with the unique cycle Cσq ,
and q is even. If m(TG) = m([TG]) and q ≡ 0(mod 4); or m(TG) 6= m([TG]), then η(G,σ) =
|V (G)| − 2m(G).
Proof. Let F3 = {u|u = Cq ∪ M,M ∈ F2}, m(G) = m and m(G − Cq) = l. C
σ
q has
odd number of negative edges. Note that G is a bipartite graph. By Lemma 3.3, then
the characteristic polynomial of (G,σ) can be expressed by P(G,σ)(λ) =
∑⌊n
2
⌋
i=0 bi · λ
n−2i,
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bi =
∑
(u,σ)∈U2i
(−1)p(u)+s(u) · 2c(u), for any i ∈ {1, 2, . . . , ⌊n2 ⌋}. By the similar proof as in
Lemma 3.9, if i > m, then (G,σ) contains no basic graphs with 2i vertices and bi = 0. Hence
P(G,σ)(λ) = λ
n + b1λ
n−2 + · · ·+ bmλ
n−2m = λn−2m(λ2m + b1λ
2m−2 + · · ·+ bm).
Therefore η(G,σ) ≥ |V (G)| − 2m(G).
Next, in order to get the result η(G,σ) = |V (G)| − 2m(G), we need to prove bp 6= 0.
(1). m(TG) = m([TG]), and q ≡ 0(mod 4).
By Lemma 3.8, m(G) = m([TG]) +m(Cq). Note that m =
q
2 + l. Since 2m = q + 2l and
the definition of U2p, by the similar proof as in Lemma 3.9, we have U2p = F
σ
1 ∪ F
σ
3 . If
(u, σ) ∈ F σ1 , then p(u) = m, s(u) = c(u) = 0. If (u, σ) ∈ F
σ
3 , then p(u) = l + 1, c(u) = 1, let
s(u) = 2a+ 1, a ∈ Z+ (since Cσq has an odd number of negative edges), then
bp =
∑
(u,σ)∈Fσ
1
(−1)m +
∑
(u,σ)∈Fσ
3
(−1)l+1+2a+1 · 21 = (−1)m · |F σ1 | + (−1)
l · 2 · |F σ3 | =
(−1)l((−1)m−l|F σ1 |+2 · |F
σ
3 |). Since m− l =
q
2 and q ≡ 0(mod 4), we have m− l ≡ 0(mod 2).
Thus bp = (−1)
l(|F σ1 |+ 2 · |F
σ
3 |) 6= 0.
(2). m(TG) 6= m([TG]).
Equivalently, m(TG) = m([TG]) + 1, then each maximum matching of TG must cover the
unique cyclic vertex. By Lemma 3.8, we mainly discuss the following two cases.
Case 1. m(G) 6= m(Cσq ) + m([TG]), that is, m(G) > m(C
σ
q ) + m([TG]), m >
q
2 +
l, 2m > q + 2l. Then the basic graphs with 2m vertices have no cycle. Which shows that
F σ3 = φ and U2p = F
σ
1 . Then p(u) = m and s(u) = c(u) = 0 for any (u, σ) ∈ U2p. Thus
bp =
∑
(u,σ)∈Fσ
1
(−1)m = (−1)m|F σ1 | 6= 0.
Case 2. m(G) = m(Cσq ) +m([TG]) and M ∩ E1 6= φ, ∃ M ∈ F1 (equivalently, F
′
1 6= φ).
Note that m = l + q2 , there exists some basic graphs with 2m vertices, such that contain C
σ
q
as a subgraph. Then U2p = F
σ
1 ∪ F
σ
3 . If (u, σ) ∈ F
σ
1 , then p(u) = m, s(u) = c(u) = 0. If
(u, σ) ∈ F σ3 , we have p(u) = l+1, c(u) = 1. Let s(u) = 2a+1, a ∈ Z
+ (since Cσq has an odd
number of negative edges). Then
bp =
∑
(u,σ)∈Fσ
1
(−1)m +
∑
(u,σ)∈Fσ
3
(−1)l+1+2a+1 · 21 = (−1)m · |F σ1 | + (−1)
l · 2 · |F σ3 | =
(−1)l((−1)m−l|F σ1 |+ 2 · |F
σ
3 |). Since q is even, we mainly discuss the following two subcases.
Subcase 2.1. If q ≡ 0(mod 4), then m− l = q2 ≡ 0(mod 2). Thus
bp = (−1)
l · (|F σ1 |+ 2 · |F
σ
3 |) 6= 0
Subcase 2.2. If q ≡ 2(mod 4), then m− l = q2 ≡ 1(mod 2). Thus
bp = (−1)
l+1(|F σ1 | − 2 · |F
σ
3 |) = (−1)
l+1(|F σ1 | − 2 · |F
σ
2 |), |F3| = |F2|. Note that F
′
1 6= φ, by
Corollary 3.2, we have |F1| > 2|F2|. Hence bp 6= 0,
Based on the above conclusions, we have bp 6= 0. Thus η(G,σ) = |V (G)| − 2m(G). 
By Lemmas 3.4, 3.5, 3.9 and 3.10, we obtained Theorem 1.1.
4 Proof of Theorem 1.2
In this section, we mainly investigate the unbalanced signed graphs. In order to proof Theorem
1.2, we need to introduce some definitions and lemmas.
Let G be the graph with some pendant vertices, and G contains at least a cycle. For any
pendant vertex u, we will give definitions of two types of pendant vertex u:
Definition 4.1. (1) If the quasi-pendant vertex of u does not lie on the cycle, then u is of
Type A.
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(2) If the quasi-pendant vertex of u lies on the cycle, then u is of Type B.
Lemma 4.2. Let (G,σ) be an unbalanced signed graph with a pendant vertex u, and v is
adjacent to u. If u is of Type A, then η(G,σ) = |V (G)| − 2m(G) + 2c(G) − s if and only if
η(G− u− v, σ) = |V (G − u− v)| − 2m(G− u− v) + 2c(G − u− v)− s. (0 ≤ s ≤ 3c(G)).
Proof. By Lemmas 2.2 and 2.5,
|V (G)| = |V (G− u− v)|+ 2,
m(G) = m(G− u− v) + 1,
c(G) = c(G− u− v).
By Lemma 2.7,
η(G− u− v, σ) = η(G,σ) = |V (G)| − 2m(G) + 2c(G)− s = |V (G− u− v)|+2− 2(m(G−
u− v) + 1) + 2c(G − u− v)− s = |V (G− u− v)| − 2m(G− u− v) + 2c(G − u− v)− s. 
Lemma 4.3. Let (G,σ) be an unbalanced signed graph with a pendant vertex u, and v is
adjacent to u. If u is of Type B, then η(G,σ) ≤ |V (G)| − 2m(G) + 2c(G) − 2.
Proof. We prove the result by induction on c(G). If c(G) = 1, by Lemma 2.8, we have
|V (G)| − 2m(G)− 1 ≤ η(G,σ) ≤ |V (G)| − 2m(G) + 2.
By Theorem 1.1, we have η(G,σ) 6= |V (G)| − 2m(G) + 1. Assume that vc is the vertex of TG,
which is correspond to Cσq the unique unbalanced cycle of G. Since u is of Type B, then vc is a
quasi-pendant vertex of u in TG. By Lemma 2.2, we have m([TG]) = m(TG−vc) = m(TG)−1.
Which shows that (G,σ) does not satisfy the Lemma 2.13(3), then η(G,σ) 6= |V (G)|−2m(G)+
2. Hence
η(G,σ) ≤ |V (G)| − 2m(G) = |V (G)| − 2m(G) + 2c(G) − 2.
If c(G) ≥ 2, assume that the conclusion is true for c(G) ≤ k. Next, we need to prove the
conclusion is true for c(G) = k + 1. By the definition of unbalanced signed graph, we mainly
discuss the following two cases.
Case 1. There exists at least a balanced cycle Cσp and an unbalanced cycle C
σ
q in (G,σ).
Let x ∈ V (Cσp ), x /∈ V (C
σ
q ), then (G− x, σ) is unbalanced. By Lemmas 2.3 and 2.5,
|V (G− x)| = |V (G)| − 1,
m(G− x) ≥ m(G)− 1,
c(G − x) ≤ c(G) − 1 = k.
By Lemma 2.6, we have η(G,σ)− 1 ≤ η(G− x, σ) ≤ η(G,σ) + 1. Applying the induction
hypothesis to (G− x, σ), then η(G,σ)− 1 ≤ η(G− x, σ) ≤ |V (G− x)| − 2m(G− x) + 2c(G−
x)− 2 ≤ |V (G)| − 1− 2(m(G) − 1) + 2(c(G) − 1)− 2 = |V (G)| − 2m(G) + 2c(G)− 3. Hence
η(G,σ) ≤ |V (G)| − 2m(G) + 2c(G) − 2.
Case 2. Cycles of (G,σ) are unbalanced.
Let x be a vertex of the cycle in (G,σ), then (G− x, σ) is also unbalanced. Similar to the
proof of Case 1, we have η(G,σ) ≤ |V (G)| − 2m(G) + 2c(G) − 2. 
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Lemma 4.4. Let (G,σ) be an unbalanced signed graph without pendant vertices. If η(G,σ) 6=
|V (G)| − 2m(G) + 2c(G), c(G) ≥ 2, then there exists a vertex x on the cycle in (G,σ) such
that η(G− x, σ) 6= |V (G− x)| − 2m(G − x) + 2c(G − x).
Proof. (1). g(G) = 3, c(G) ≥ 2.
Denote by Cσq the cycle of (G,σ) and q = 3. Since c(G) ≥ 2, there exists a vertex x on
another cycle in (G,σ) such that Cσq is a subgraph of (G−x, σ). Which shows that (G−x, σ)
does not satisfy in Lemma 2.13(2), then
η(G− x, σ) 6= |V (G− x)| − 2m(G − x) + 2c(G − x).
(2). g(G) ≥ 4, c(G) ≥ 2.
Since η(G,σ) 6= |V (G)| − 2m(G) + 2c(G), (G,σ) does not satisfy at least one of the three
conditions in Lemma 2.13.
Case 1. If (G,σ) does not satisfy Lemma 2.13(1).
Note that (G,σ) contains at least two vertex-joint cycles, called Cσk and C
σ
s (k, s ≥ 4).
Let G[Cσk , C
σ
s ] be the graph induced by V (C
σ
k ) and V (C
σ
s ).
Subcase 1.1. c(G) = 2.
Since (G,σ) contains no pendant vertices, then (G,σ) is the union of an ∞-graph (or a
θ-graph) and some isolated vertices (if any), which implies that G[Cσk , C
σ
s ] is either∞
σ(p, 1, q)
or θσ(p, l, q).
Subcase 1.1.1. G[Cσk , C
σ
s ] = θ
σ(1, 1, 1).
Since (G,σ) is unbalanced, (G,σ) contains at least an unbalanced cycle, says Cσq , and
q = 4. Let x be a vertex of another cycle in (G,σ), x /∈ V (Cσq ). Then C
σ
q is a subgraph of
(G− x, σ). Which shows that (G − x, σ) does not satisfy Lemma 2.13(2), then
η(G− x, σ) 6= |V (G− x)| − 2m(G − x) + 2c(G − x).
Subcase 1.1.2. G[Cσk , C
σ
s ] 6= θ
σ(1, 1, 1).
As shown in Figure 1, there exists a vertex x on the cycle in (G,σ), such that (G− x, σ)
contains a pendant vertex with Type B. By Lemma 4.3, we can get that
η(G− x, σ) 6= |V (G− x)| − 2m(G − x) + 2c(G − x).
Subcase 1.2. c(G) ≥ 3.
Subcase 1.2.1. In (G,σ), there exists a vertex x on the cycle such that x /∈ G[Cσk , C
σ
s ].
Which implies that G[Cσk , C
σ
s ] is a subgraph of (G−x, σ). Then (G−x, σ) does not satisfy
Lemma 2.13(1), hence
η(G− x, σ) 6= |V (G− x)| − 2m(G − x) + 2c(G − x).
For example, as shown in Figure 2, the signed graphs with Ti(i = 1, . . . , 4) as a underlying
graph, which contains a vertex x on the cycle and x /∈ G[Cσk , C
σ
s ].
Subcase 1.2.2. In (G,σ), let x be a vertex on any cycle, then x ∈ G[Cσk , C
σ
s ].
Which implies that any cycle of (G,σ) is the subgraph of G[Cσk , C
σ
s ]. Since c(G) ≥ 3,
(G,σ) contains one of eight types of bases of tricyclic graphs as a underlying subgraph. As
shown in Figure 2, the graph Tj can be regard as two vertex-joint cycles, where j = 5, . . . , 8.
Which implies that the tricyclic graphs Tj is a underlying subgraph of G[C
σ
k , C
σ
s ]. As shown
in Figure 2, there exists a vertex x of Tj such that Tj−x also contains two vertex-joint cycles.
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Hence there exists a vertex x on the cycle of (G,σ) such that (G − x, σ) does not satisfy
Lemma 2.13(1), then
η(G− x, σ) 6= |V (G− x)| − 2m(G − x) + 2c(G − x).
Case 2. (G,σ) satisfies Lemma 2.13(1) but does not satisfy Lemma 2.13(2).
Subcase 2.1. There exists at least a balanced cycle in (G,σ).
Subcase 2.1.1. There exists a balanced cycle in (G,σ), says Cσp and p 6= 0(mod 4). Let
x be a vertex on another cycle and x /∈ V (Cσp ) (since all cycles are vertex-disjoint), then C
σ
p
is the subgraph of (G− x, σ). Which shows that (G − x, σ) does not satisfy Lemma 2.13(2),
then
η(G− x, σ) 6= |V (G− x)| − 2m(G − x) + 2c(G − x).
Subcase 2.1.2. The length of all balanced graph is the multiple of 4. Then (G,σ)
contains at least an unbalanced cycle in (G,σ), says Cσq and q 6= 2(mod 4). Let x be a vertex
of the balanced cycle and x /∈ V (Cσq ) (Since all cycles are vertex-disjoint), then C
σ
q is the
subgraph of (G− x, σ). Which shows that (G− x, σ) does not satisfy Lemma 2.13(2), then
η(G− x, σ) 6= |V (G− x)| − 2m(G − x) + 2c(G − x).
Case 2.2. Cycles of (G,σ) are unbalanced.
(G,σ) contains at least an unbalanced cycle, says Cσq and q 6= 2(mod 4). Let x be a vertex
of another unbalanced cycle in (G,σ) and x /∈ V (Cσq ) (all cycles are vertex-disjoint). Since
c(G) ≥ 2, then Cσq is the subgraph of (G−x, σ). Which shows that (G−x, σ) does not satisfy
Lemma 2.13(2), then
η(G− x, σ) 6= |V (G− x)| − 2m(G − x) + 2c(G − x).
Case 3. (G,σ) satisfies (1) and (2) of Lemma 2.13, but dose not satisfy (3) of Lemma
2.13.
Note that m(TG) 6= m([TG]), that is, m(TG) ≥ m([TG]) + 1.
If E(TG) = φ, then (G,σ) is the union of some vertex-disjoint signed cycles and isolated
vertices. Hence m(TG) = m([TG]) = 0, a contradiction. Therefore, we only consider E(TG) 6=
φ. In TG, each maximum matching must cover at least a pendant vertex. Otherwise, there
exists an M -augmenting path in G, which contradicts Lemma 2.1. Suppose that Cσq the
pendant cycle of (G,σ) is correspond to the vertex u in TG, which implies that u is a pendant
vertex in TG. Since (G,σ) has no pendant vertex, we have u ∈ WG. Let v be the unique
vertex with degree three in Cσq , and let x be a vertex on the cycle C
σ
q . Then TG−x is the
graph obtained from TG and C
σ
q − x by identifying u and v as a vertex, we mainly discuss
the following two subcases.
Subcase 3.1. Each maximum matching of TG cover all pendant vertices.
Let x be a vertex on the cycle Cσq , and x is adjacent to v. Noted that C
σ
q is an even cycle,
then Cσq − v − x is an odd path and has a perfect matching. By the definition of TG, which
shows that the maximum matching of TG−x is the union of the maximum matching of TG
and the maximum matching of Cσq − v − x. Then
m(TG−x) = m(TG) +m(C
σ
q − v − x).
Hence each maximummatching of TG−x must cover some vertices inWG−x, we havem(TG−x) 6=
m([TG−x]). Which shows that (G− x, σ) does not satisfy Lemma 2.13(3), then
η(G− x, σ) 6= |V (G− x)| − 2m(G − x) + 2c(G − x).
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Subcase 3.2. There exists some maximum matchings of TG, denoted by Mi(TG) (i =
1, . . . , r), such that the pendant edge wv /∈Mi(TG), where r ≥ 1 and v is a pendant vertex of
TG.
Let y be a vertex on the cycle Cσp and d(v0, y) = 2, where C
σ
p the cycle of (G,σ) is
correspond to v the vertex of TG, and v0 is the unique vertex with degree three in C
σ
p . By the
definition of TG−y, which shows that the maximum matching of TG−y is the union of Mi(TG)
(i ∈ {1, . . . , r}) and the maximum matching of Cσp − y. Then
m(TG−y) = m(TG) +m(C
σ
p − y).
For any i ∈ {1, . . . , r}, thenMi(TG) must cover some vertices in WG−y by Lemma 2.1. Which
implies that each maximum matching of TG−y must cover some vertices in WG−y, we have
m(TG−y) 6= m([TG−y]). Which shows that (G − y, σ) does not satisfy Lemma 2.13(3), then
η(G− y, σ) 6= |V (G− y)| − 2m(G − y) + 2c(G − y). 
Lemma 4.5. Let (G,σ) be an unbalanced signed graph without pendant vertices. Then
η(G,σ) 6= |V (G)| − 2m(G) + 2c(G) − 1.
Proof. We apply induction on c(G) to prove the result.
If c(G) = 1, then G = Ck ∪ (n− k)K1 (3 ≤ k ≤ n). By Theorem 1.1,
η(G,σ) 6= |V (G)| − 2m(G) + 2c(G) − 1.
If c(G) ≥ 2, assume that the conclusion is true for c(G) no more than t. Next, we need
to prove the conclusion is true for c(G) = t+ 1. Suppose on the contrary, there exists some
unbalanced signed graph(G,σ) with c(G) = t + 1 such that η(G,σ) = |V (G)| − 2m(G) +
2c(G) − 1.
Case 1. There exists at least a balanced cycle Cσp and an unbalanced cycle C
σ
q in (G,σ).
Let x ∈ V (Cσp ), x /∈ V (C
σ
q ), then (G − x, σ) is also unbalanced. By Lemmas 2.3 and 2.5,
we can get
|V (G)| = |V (G− x)|+ 1,
m(G) ≤ m(G− x) + 1,
c(G) ≥ c(G− x) + 1.
By Lemma 2.6, η(G− x, σ) + 1 ≥ η(G,σ) = |V (G)| − 2m(G) + 2c(G)− 1 ≥ |V (G− x)|+
1 − 2(m(G − x) + 1) + 2(c(G − x) + 1) − 1 = |V (G − x)| − 2m(G − x) + 2c(G − x). Hence
η(G − x, σ) ≥ |V (G − x)| − 2m(G − x) + 2c(G − x) − 1. Since c(G − x) ≤ k, applying the
induction hypothesis to (G−x, σ), then η(G−x, σ) 6= |V (G−x)|−2m(G−x)+2c(G−x)−1.
Hence η(G − x, σ) = |V (G− x)| − 2m(G− x) + 2c(G − x), which contradicts Lemma 4.4.
Case 2. Cycles of (G,σ) are unbalanced.
Let x be a vertex of any cycle in (G,σ), so (G − x, σ) is also unbalanced. Similar to the
proof of Case 1, which contradicts Lemma 4.4. Then η(G,σ) 6= |V (G)| − 2m(G) + 2c(G)− 1.

The Proof of Theorem 1.2: Noted that the unbalanced signed graph (G,σ) contains
at least an unbalanced cycle, and c(G) ≥ 1.
Case 1. (G,σ) has no pendant vertices, we can obtained the result by Lemma 4.5.
Case 2. (G,σ) has some pendant vertices.
12
By the definitions of two types of pendant vertices, we mainly discuss the following two
subcases.
Subcase 2.1. All pendant vertices are of Type A.
Suppose that (G,σ) contains p pendant vertices. For the pendant vertex of Type A, by
using Lemma 2.7 repeatedly, after p steps, we obtain the signed graph (G1, σ). If (G1, σ)
contains no pendant vertices or at least a pendant vertex of Type B, then (G1, σ) is as we
required and we are done. Otherwise, for the pendant vertex of Type A in (G1, σ), we continue
to use Lemma 2.7 repeatedly, we obtain a subgraph (G2, σ) of (G1, σ). If (G2, σ) contains no
pendant vertices or at least a pendant vertex of Type B, then (G2, σ) is as we required and
we are done. Otherwise, Repeating the above steps until we obtain a unbalanced sign graph
(G0, σ) that meets the requirements.
(a). (G0, σ) contains no pendant vertices.
By Lemma 4.5, we can get that η(G0, σ) 6= |V (G0)| − 2m(G0) + 2c(G0)− 1.
(b). (G0, σ) contains at least a pendant vertex of Type B.
By Lemma 4.3, we have
η(G0, σ) ≤ |V (G0)| − 2m(G0) + 2c(G0)− 2.
Hence
η(G0, σ) 6= |V (G0)| − 2m(G0) + 2c(G0)− 1.
Next, by Lemma 4.2,
η(G0, σ) 6= |V (G0)| − 2m(G0) + 2c(G0) − 1 if and only if η(G,σ) 6= |V (G)| − 2m(G) +
2c(G) − 1.
Subcase 2.2. There exists at least a pendant vertex of Type B.
By Lemma 4.3, we have η(G,σ) 6= |V (G)| − 2m(G) + 2c(G) − 1. 
Combining with Lemma 2.11 and Theorem 1.2, we can obtained the following result.
Corollary 4.6. Let (G,σ) be a signed graph, then
η(G,σ) 6= |V (G)| − 2m(G) + 2c(G) − 1.
5 Proof of Theorem 1.3
In order to proof Theorem 1.3, we need to introduce some definitions.
Let Kσ1,c+1 be a signed star, x be the center vertex of K
σ
1,c+1 and y0, . . . , yc be pendant
vertices of Kσ1,c+1, respectively. O
σ
1 , . . . , O
σ
l1
be a balanced cycle of size 4, Oσl1+1, . . . , O
σ
l
′
1
be
an unbalanced cycle of size 6. Let Oσ
l
′
1
+1
, . . . , Oσc be the signed graph with the pendant vertex
of Type B, which obtained from C+4 a balanced cycle of size 4 by attaching K
σ
2 . Next, we
construct a new signed graph Gσ by identifying yi with a vertex of O
σ
i , yj with a pendant
vertex of Oσj , where i = 1, . . . , l
′
1, j = l
′
1 + 1, . . . , c.
The Proof of Theorem 1.3: According to the definition of Gσ, let l2 = l
′
1−l1, l3 = c−l
′
1.
In this case, there exists l1 balanced cycles C
+
4 , l2 unbalanced cycles C
−
6 and l3 balanced graph
F σ, which is obtained from C+4 a balanced cycles of size 4 by attaching K
σ
2 . Which implies
that y0 is the unique pendant vertex of G
σ . Then
|V (Gσ)| = 3l1 + 6l2 + 5l3 + 2,
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m(Gσ) = l1 + 3l2 + 2l3 + 1,
c(Gσ) = l1 + l2 + l3.
By Lemmas 2.7 and 2.12, we obtain that η(Gσ) = η(Gσ − x− y0)) = 2l2+ l3 = |V (G
σ)| −
2m(Gσ) + 2c(Gσ) − (3l1 + 2l3). Since li ≥ 0, 3l1 + 2l3 can take any integer between 0 and
3c(G) expect for 1. 
Combining with Lemma 2.11 and Theorem 1.3, we can obtained the following theorem.
Theorem 5.1. Let (G,σ) be a signed graph, if c(G) is fixed, then there exists infinitely
connected signed graphs, such that η(G,σ) = |V (G)|−2m(G)+2c(G)−s, where 0 ≤ s ≤ 3c(G),
s 6= 1.
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